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Summary'. This rt-port inv'etigatvus thv extent it which the dvilamic lwha\,ioutr (f a torptdt is sen'qitive to chianges
in it-- ,tabllitV dcriv-ali iv,. Thll( main objct in varlrying oul till' llv','tigati,,l wa\ , to providet gidlanitu oil thu accuracy
of nwvasurvtintnt of ith stability dtvrivativvs that Sh.,ii1ld ho ii s,'5 tl*Y 1rw mY given t 'toi-p !.o. ih, i-,isidcrati mis of ilh'
rtplxrt rwv, howuvi-r. :I, o portih -nt t) lt(, prohlmihm of decidinig thelft'itivtil ,•4 (if p)tmsillh' thi tgts ill flih dtsig!1 of at
ttirpmr lm,1 l tii. ,hi'n miv h,.ha\'imr-(if \\hich ik ,i.-tt.i~IdCtf\ I1llS1ldI iV' VNi' xinim is ani workeid o t in mlmtail. The rnm-ot
S emnphasise, tilt- inqm irtani'k, of tht -no-callhd margin 4t I stabilit\'.

1. h1lroduction. -The purpose of this report is to investigate the extent to which the dynamic
behaviour of" a torpedo is sensitive to changes in its stability derivatives. Since dynamic
behaviour covers the whole chiss of possible motions of a torpedo, attention has had to be confined
to certain well defined aspects. The main olbject in cairving out the investigation was to provide
guidance oil the aCCurt'a('v of measurement of the stability derivatives that would be necessary
for any given torpedo s:pecillicallv, what error in predicted performance will given errors iin
the stability derivatives cause ? The considerations of the report are, however, also pertinent
to the prolblem of deciding the effectiveness of possible changes in the design of a torpedo, the
dynamic. Ichaviomir of which is unsatisfactory.

2. The Motion of the 7"or,6cdo. AVe consid(er motion1 in a vertical planle only, and neglect
buoya'ncy and trim effects. The treatment applies equally to motion in a horizontal plane only.

The relevant equations of motion are
Z ,Y. 1,16 ,,/J, m .l • . m l ¢ ..... I

,l. 1 ,7 l, '111 0,• /,j (2)

where
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"T"'ý.1.

2_1 denotes the coefficient of a moment about the transverse horizontal axis
through the torpedo c.g.

Z' FZ/P, etc.

in, total transverse mass of torpedo :a= m j- K,m,
n, -. total longitudinal mass of torpedo - )n F - KIinu

in mass of torpedo

in = mass of displaced fluid

J, -total moment of inertia about the transverse horizontal axis through the
c.g. +"I, ± K'I,,

I,. - moment of inertia of torpedo about the transverse horizontal axis through
the c.g.

, moment of inertia of displaced fluid about the transverse horizontal axis
through the c.g.

K', K,, K. are Lamb's inertia coefficients for an equivalent ellipsoid.

The positive senses of the various parameters are illustrated in Fig. 1.

If we multiply each term of equations (1) and (2) by e-l' and integrate with respect to the
time I between 0 and o- throughout (denoting Laplace-transformed quantities by a bar) and
eliminate 6 we have

J7,p'- (JA, ± inl'MJ1 )p ' M,,Z, - M,(m1," Zq)]

= [J) Z - . tA(,,,V -I- Zj) 6fZ,,], . . . . . . .. (3)

If we had found, instead, the equation connecting -, or ,6 with _,, the left-hand side would have
been identical with that of equation (3). We write this left-hand side as

w here A ,4 ,p ' -; 1,p A-I.',] i,
A4, ::- 111."j,/ (4)

A 2 -- - j;Z, -- ,V.t 1

A i- qZ.- Mý(m," -: Zq)

It follows from equation (3) that the transient part of the solution for 2(t) will be
A., e ,' + ;., e",,' , . . . . . . . . (5)

where It, and u,, the decay constants of the motion arc the roots of
A,p'-I AVi,4- A, -0 .. . . . . . . . . (6)

and A, and A, are constants.

In particular, if the elevators are locked at zeio, the right-hand side of equation (3) disappears,
and the expression (5) represents the complete solution for the angle of attack ., following a
disturbance.

A torpedo is said to have (dynamic stability, if, when disturbed from a straight-line path, it
will again settle down to a straight-line path (but not necessarily the original straight-line path),
that is, it tends to reduce its angle of attack to zero. If a dynamically unstable torpedo is
disturbed from its straight-line path, it will circle with smaller and smaller radius until the
linear analysis used here no longer applies. It is clear from equation (5) that the necessary and
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sufficient condition for the torpedo to have dynamic stability is that the roots of equation (6)
have negative real parts. The necessary and sufficient condition for this is that A,, A, and A,
all have the samc sign :

A3, i,VJ, > 0
.4 1 -- -- JZ. - - mtM. V.1> 0

since Z. < 0, M, < 0 for all conventional torpedoes. The criterion for dynamic stability is

therefore that A, > 0. Since Z.M, > 0, we can write
M. (M'V + Z )

G - 1... .V. > 0 for dynamic stability .. .. (7)

G is called the margin of stability. The following Table indicates torpedo behaviour for different
values of G.

Stability G Controllabilitv Application

Dynamically unstable < ')Requircs s•ecial control equipment . No known application... --

Marginally stable .. . - .

J%-naniicallv stable (
0cs2 . furns rapidly with small rud(ers bard to Homing torptldoes.
0"3 control and maintain in straight flight.
0'4 J
0', •5 l'urns rapidly with mHediu-sized ruddrs Homing torpedoes and

(-6 controls mnoderatey well. straight-running torpedoes.

0.7 !'•'Turns rapidly with large rudders• controls Straight-nning torpedoes.
0.J8 casily.

1 :0 Requircs very iarge rudhlcr-: controls very Straight-running torpedoes.1.08 j easil\'.

2.1. Circling Motion.- Suppose the torpedo is moving steadily in a vertical circle of constant

radius R, with the following (constant) values of its parameters
q -- 60 -= * ; : , * " ,. *

& -= =0.

Putting these values in equations (1) and (2) and solving for 6* and i* we have

- M."Z' - Z.11(G - = 2 ,u s

2* M"(mV +- Z') -- M'ZA
G - * -- ... (9)

(We note that, since the right-hand side of equations (8) and (9) are both negative for all con-
ventional torpedoes,

sgn T, - sgn = - sgn G.

This implies that a dynamically stable torpedo (G (0) turns with its elevators, while a dynamic-
ally unstable one (G < 0) turns against its elevators.)
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In a stable (G > 0) turn of constant radius R, V RP*, and from equation (8) we have

VGZM,i 1 (10)R = MZ" -- Z.'Mra-* .. . .. . . . .

3. The Effect of Errors in the Stability Derivatives.-We can now study the effects of errors in

the stability derivatives Z., Mý, Z.,, A.,, Zf and M. on three aspects of the dynamic behaviour

of a torpedo

(a) The effect on the radius of turn R for a given elevator angle 3.*

(b) The effect on the margin of stability G6

(c) The effect on the transient motion of the toq edo following a disturbance. This is done
by studying the effect on the decay constants y and /t defined by equation (5).

Errors in the range ± 20 per cent will be considered for the static and control surface
• •derivatives Z., M-,, Z,, and M,,, and errors in the range 50 per cent for the rotary derivatives

Z q and M.. Each case will be illustrated by examples of two torpedoes of widely differing
hydrodynamic characteristics, Torpedo A (G about 1.0), and Torpedo B (G about 0-6). They
have the following hydrodynamic coefficients:

TORPEDO A.

_ 3-109 • _- 0-.70 -- 1- 40,ý' a• = a-,- @ (11R)

-- 0"05, c ---- 0-37 . ... o"l =- - 0 63,.-•• = - " a(1/ R)
Ii ~~~We use the :'elations .•a, Q

Z. = i,,A 172 2C,,, Z,, =p ,A P a--., Z, = JpA V1 (/i'

M. = JpA P 1 - Vl V -2(?-•1  M, ½CAV 1 '

where p = density of water =- 2 slugs/cu ft

A ý-. maximum cross-sectional area of torpedo 2-4 ft'

V speed of torpedo 40 ft/sec

I length of torpedo 14 ft.
This gives

Z,. Z" Z,
-=--11.866; - 2=--2688; - 1.888
1®r 10' 1W'

lM, l,
As =--2.957- 19.891 TO. . 11. 7

Also m = mass of torpedo = 58-5 slugs

1, moment of inertia of torpedo about the transverse horizontal axis through
the c.g. -• 745 slugs/ft.

4
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The 1-1111i) inertia coefjicients for an cldiipsoi of the sa', Linei(ess rat!i (8) are

K, 0(-.029 ; K.. 0-945 ; K' (.840, giving
roll' Q4(y)1..1" : 4.551 J1 -371

408 10: 10'1

STOR1.E)0) 1S.

2( -" 29 0-39 "•C 1 -04 7(i'.• ' ,L ? (/1¢.)' 1 • 0

0 -i ,56 0 '.229 0 " ' . -- 5(0

p 2 sl•s/cii ft HI 94 47 slugs

.-1 2- -405 ft" I, - 1886-8 slug.s/ft"

V 49 ft/sec Finen,.ss ratio - 11 7, whence

1 20 .49 ft K, 0)019; K. - 0.968 K' 0)908.
Thiese give

13232-287 )1
10:1 103 1031
.31, 31,, .3!,,

6(: (5,785; 10:3 27.-095 1 l(P 24. 738

(p, 4.1-;717"] . . 3-6001(:1-1104 71 10:" -

3.1. The E/fcc/ on ladtius oJ T1n1.-. For a givcn elevator dellecti n ,, the radlius of turn is
(equation (10)).

R R' I
where,. .. (1

A, (;Z,31 Z.,3II.. ,(i, " Z,)
'- 1, ., Z,., .11,Z,. Z,.1 I.

\We denote by R",, and ',,' the values of R anti R' \hven there are no elrrol's in the stability
derivatives, and by ,RA' and /Ix" the chanlges ill R and 1', due to changes K( in C, where C" is
one of Z,, 31,, Z. , .1,,, Z,1 and .11,

Since V and V\* are constant, it is clear that

14 R'"

The fractional cal 1ige in A, for any givei fractional crror in C can he calculated from cquation (11)
as set down below, for all six intOrpretations of C.

WVe note that A,, has thi' f llowxing values for the two torpedoes chosen as examples

T,,r!, .Ih, .\ 144 ft \when v 10 db."

"Torpcdo I Ik',, I)00 ft w\hen 0 , ' 10 de,.



Errors in Z. Z. - . -F- aZ

6R MA.[qZ - A(r•-T" - Z)j 6Z6Z.
.. Z M, (I +

Torpedo A : - - .... .
-21-95 - 22.71 Z

Torpedo 13: • _ "
R +0"92 -0'64 Z,

Errors in M_ M, --_ ji3 + 6M,

6R Z4[MIZ, - 11,'(m,V + Zj) 6M./M.

1?R A Ml v / Z(

TorpedoA3 --A: =R M" -2 1 .9 5 - -0 -7 7 - ,

Topd R 6_AI'l.lO ,

0- .92--0.27 - 'M.1,

Errors in Z, Z.,1  Z," -i- 6 Z,,

6R A5 Z", Z
:q: .11- Z. -Z',

6R 6/Z, 'Z,,
Torpedo A •R - Z." ZR ')Z .,

28-70- Z-
aR bZ.,,tZ,

TorpedoB -- =- -
R 6 Z"-3-8- --Z

Errors in M, A-I MA -+ 6aIA
6R .31,, /31!,

-'1 14, - i-

ZA M., MA,

6R , /M'11".61? 61 a.I1
T 'orpedo A : '-

-- 97 A.A

"l'orpcd,, B"it

1-42
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Errors in Z, Z/-I Z+ 1i Z

AR- .if,Z, Z___ G, - I lZV
-iMZ/ .- A.(m1 V ;- 1, Z i(1 I" -t- +Z) G. Z1'

where G. is the value of G, the margin of stability, when there are no errors ill the stability
derivatives.

6R bZ qTorpedo A •0•-= --004 -z

6RTorpedo B • R Z4=-- t-o+.91-z.

Errors in M. MA -- M' + 6M.1,

-R M.:Z. b3il, I ,'I

Torpedo A 6R...R =7+ 0-99 -M- 1

Torpedo B A 1-80
R? M4

These results are plotted in the form percentage error in R against percentage error in C in Fig. 2

for Torpedo A, and in Fig. 3 for Torpedo B. It is clear from Fig. 2 that, for Torpedo A. errors
only in AMl and .1,, are significant. It is therefore useful to study the variation of R when there
are errors in M. and M1, simultaneously. The result for Torpedo A is

b3I+ ,AM., +

0.99 1-04,•RM, .11.,

I -T" 1-04 - -

This can be plotted as a family of straight lines in the 6R/IR - ,3,1 fM plane with sM,/M, as
parameter. From this it can be seen what ranges of errors (positive and negative) in M, and
M, are permissible for a given permissible range of error in R. This information is plotted in
Fig. 4.

For Torpedo B errors in all stability derivatives are significant, and there is no point in
considering simultaneous variations of two only.

3.2. The Effect on the Margin of Stability.-- G was defined by equation (7) as

G o = 1 1J,( 1 ." Z ")

where G0 is the value of G when there are no errors in the stability derivatives. We are now
interested in the value of G when errors in the stability derivatives exist, and not in the fractional
change in G. The values of G. for the two torpedoes being considered are

Torpedo A: G, -- ± 1.011

Torpedo B G- 4- 0556.

7
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Errors in Z. Z. -• Z. + V.Z
G.-= + G-- 1

l-i-Z.

Torpedo A: G -= 1+_t
1+ Z.

0.444
Torpedo B1 G 1 . .-

Errors in 31 .i -> M. + 6-M.i6m
G -.- G, + (G. - 6M1)

!I)

b3I.

Torpedo A G 1-011 + 0.011[.-.

Torpedo 13: G 0.556 - 0444

Errors in Z7 Z- Z + 6Z,
G G ,+ z .,_ (G o - 6) z

6Z.

Torpedo A G= 1011 0-040-.- -

q•

Torpedo B G -- 0.556 -+- 0-050 Z "z.
Errors in 11 M, -- M,I + 6,11q

5A 1 - - 1

0-011
Torpedo A ' G 1 -t- 0 ,

0-444 67.
T"orpedo 1: • -- ! --G which is the same variation as for -•6M q ' g.

mq

These results are plotted with b(CiC as a percentage in Fig. 5 for Torpedo A and in Fig. 6 for
Torpedo B. It is obvious from the form of the equations that the variation of G with errors in

the derivatives decreases as G, approaches unity and is in fact zero at G, :- I.

3.3. The Effect on the Transient Molion of the Torpcdo, Following a Disturbance.---It was shown
in Section 2 that the transient part of the solution for the angle of attack a(t) following a
disturbance was the expression (5)

U e",' -+ A e 2

8



* The transient solution for the depth z0, or pitching rate 6 would he of the same form, with of
course, different values of the constants ), and ;.,. Real values of i, and 1,, will be associated
with aperiodic motion, and imaginary values with oscillatory motion.

The effect of errors in the stability derivatives on the transient motion of the torpedo can be
studied in two sub-sections

(a) The effect of such errors on the decay constants 'i, and pi,

(b) The effect of such errors on the transient motion following one particular disturbance
which will be taken as a step function input to the elevators.

3.3 (a).--The effect of errors on the decay constants.-The decay constants were defined by
equations (4) and (6). It is obvious from these that there are two types of problem involved
since errors in Z, or AI. cause A, only to vary, while errors in Z, or 3M, cause both A, and A3 to
vary.

Errors in M. +- 31, + r,6

Let p be a root of the new equation (replacing equation (6))

A.4'2 + A4,i -' A, - (m,V ± Z)M.l = 0
Put y v and ,JIJ.M, --- x, and this becomes the equation of a con: ;n the x-Ny plane. In
conventional conic notation, it becomes

b y 2 -I 2gx -2fy -c, -C0,

where b, = + .4, = m21nJ

2g, -- M M,(1, 1V ± Z+,)

2f, = + A, - - tmVM, -- JZ,
C, 7 + 3 A, M.,Z. - .1,(m1 V + Zq)

The discriminant .1 is, in conic notation, h,1 - a~b, = 0. Hence the equation above represents
a parabola, providing the conic is non-degenerate (the case where the conic is degenerate is
discussed below). The parabola passes through the points (0, P,) and (0, It,) and its axis is parallel
to the x axis. Its vertex has an x co-ordinate of

f-- bc, (m_ ,(1/q - J,.))_

2b,g, 4Z)
The value of the decay constants for any given error in .1., say 3M, are the values of 3y at

which the line x --- meets the parabola.

The parabola cuts the x axis at the point x - Go!(1 -- G,), v .- 0, where G, i-; the margin of
stability calculated when no errors exist in any derivative. With this value of x, the torpedo is
marginal!v dynamically stable. Moreover, the nearer G, is to unity the smaller is the change in
the decay constants for any given error. At G- 1, the coefficient g, in the equation of the
parabola disappears, and this is the condition for the parabola to degenerate into a parallel
line-pair in the direction of the x axis, which implies no change at all in the decay con.,tants for
errors in 3M,. We assume that when no errors exist, the torpedo is dynamically stable, that is
G, Ž 0 and u, and P2 negative. It follows that the parabola faces right or left according as
G,?•I .

The parabola is plotted in Fig. 7 for Torpedo A, and in Fig. 8 for Torpedo B. It should b.
noticed that the horizontal scales of the.,e diagramis i-re in units (.f, 3I, and not (a.f/M,)
per cent as in previous diagrams. The variations of the dec.ty constants are greater for

9



Torpedo B than for Torpedo A, as is to be expected, since G, is nearer unity for Torpedo A. In

fact, for Torpedo A, over the range < 0.2 (i.e., 20 per cent error), there is no noticeable

change in the decay constants. For Torpedo B the change in the decay constants for the same
range of 6MI/[M is noticeable but not significant.

The torpedo is dynamically stable or unstable according as .,u and ,u.2 have negative or positive
real parts. When /1, and n, become imaginary (i.c., in the region of the diagram past the vertex
of the parabola), the motion hitherto aperiodic becomes oscillatory. That the oscillatory motion
is, in fact, stable can be easily checked.

Errors in Zq Z, - Z¢ ' Z

Let p be a root of the new equation
A, + A -i .l, - MZq-6 : 0 .

qz-Put it v and ,•Z/Z. -x and we can write this in conic notation as before

-- 2,-• 2 .v -F, 2.f y -- c, ---0,
where b, = A,- -- l'JI

V .- MZZ

c , -= -'I- -. a - .1 1 7 , - M ,(m , " -+ Z .q) .

This is, again, a t)arabola passing through (0, ,,,) and (0, It.). The x co-ordinate of the vertex
is now

P - bc. - '. . J ,Z ,,,,n I Z;

2bg, L. .. - J- Z,
It will meet the x axis where

GCo V11 4- Z.l=--G;° Zq--

It is in fact the same parabola as before, but with the horizontal scale multiplied by a factor
(mjV + Z,)1Z,. Mininmum variation again occurs when G. -.0 1, when the parabola degenerates
as before. The parabola is plotted in Fig. 7 for Torpedo A and Fig. 8 for Torpedo B. In both
cases the variation of the decay constants is a little greater than for the .1, case but it is still

negligible for Torpedo A and not very significant for Torpedo B in the range *-z 0.2.

Errors in .11 1 1- I.•j

Let u be a root of the new equation

A' 1 1, + 0A 2 ~ 11P .31ZM'I. I

Put y i and x b q/Mq. In conic notation the equation becomes

2h,.vi -> . 2  !. 2.gx -;.' 2fy -"- C3  , . . (12)
%-here

b -.. . .4 , 1"m 1

-1(1(13)
"-, ,A, J, Z,. .- 11i101



The discriminant A -- h.- a,b3 - h,l > 0, so the equation represents a conic whivch, if non-..
degenerate, is a hyperbola. (The case when the conic is degenerate will be discu.-oed Ihow). Tile
equation of the asymptotes is got from this equation by adding a constant x such that

.13 b,

g3  12 -4-'
Solving for x we get

C3 + x : 4 -- 2b9g. -.i 2g,,
4h,

since 4f/1h, - 2 bag9 -- 4h/,' from (13).
The asymptote pair has, therefore, the equation

2h/xv 4- by'l -2g~x-+-2fv3" .. .. .. .. . (1,4)

The absence of a term in x1 shows that one of the .asvnlt,tote' is parallel to 1he .+ ;;xi", TI,1,1,, -"'
of the other one is therefore the tarugent of the aigh;' l.twe ln t hel lid k

2\,'(h,= -- a2b!) . -,-I

a 3 + b '
From (14) we see t hat the point 1,-- 1 ,4) lies on tilt. at•,vn ott' pair, ain i thit-' Ihorit-4 ,,, .tiasymptote is certainl" not v 0- , the point -- I, r lv i. otie ,tv, ui;.ji dlilt-l i Pfl .,
whose equation is therefore

.1I+

Since the hyperbola passes through tile points (1), 1 nltl (I0 /1,}) w tl'l'' I1, ;1114t //1 .t1,' Illt.I lgvI,
this asymptote must have a ncgative gladitlit, ulielWet it, tituati,•li i. I

. I. (i1 +' I

M 4 being negative for all conventional torlwdt'., I lt'h 'i;" Iitim ,of tilt, ht'r dl% w1i Ii'ttln t' Ia In t 1 ,1i
by differentiating equation (14) and finding till- vallte of v for willf-1h i /t' •" A vaill-kl'.,, It in

The horizontal asymptote has therefor, tilLe eqItttion

v-' = 4~l

We can now draw the asynptots directly, and we know., more•'er, I wl IJ Hdii till I It' IS'lo4.l I,

namely, (0, /,u) and (0. ,,). There is one ollher poitnt tuf iitti','.l till illi l .hIlil" t. It , ,
equation (12) the x axis cuts the hyperbola where

There are four possible configuratrion.4 of tile hlV-t t .rlht 1t'li'tligu. tl, W110t1h1'r A* I1111l
Go • I. These are shown in i Fig. f). If me. il'm. Ow, fil I lhM II,. iltl. t' t'l' l 'Ii Mt11V hI I 1lj1h 4 Illi
cut off between a hyperbola and itt. ;.sy lptut. rt--. ' tII'll i i 1a lit il- p lltl i, , ,fit l l lI l I , 14 lI. Ip 1H liht

II

II I I I I • I I I . • • • - "-t-T



%4h it II I4lvdw4.j,11I4, .1144 111,11. (14,111 a1 Litgl~ Iinifivi 4s it(~ *t~IItsI4% tilt, J~iflt.; (1i ), /1 (4)a i)~ nd
(,, , i~i.14kgillg I 1'', nli'£~% ,. I, tlie rattt of variation of

-4 4496oI*'l.' .n9.9944.''vwi. I hat of till- Iistr incre;,',-' t') 9111' sloJk- of tile sloping
'91111(fe ( I ll i ftii. ~I~ (;, I if ' ]'I i.9ii i..i; 4,14 111;11 fill jj('I 4( PlIitanIts. dcre~ase,!

.10L~, G "l'; 111111%.ii If G. 1, fill hr lii; rlln,!;, l ciiit inito it, j111t' 1 , t~i( I l oik ne

It, lINpit I1POILi fill ' i t, 44 A 'fi V4 94w fitI j 109, andifi r l It I'rlx4(Iip 1, it) j~i^(,. 11, and thle
~ ~i*If% 'loouJ) #tl*- P'Ll"%4il 94,1 vach, I Itif. IolI% 5r4vv( idim Or se. ~gjiq of qrswilllafory motion

I& 9 Oi'lljl i 4 ,1 10 '1 9 gue iii I 5.. It I- jIlteDl- 911-01 ,,i i 1111 111;11 Ml i4 , ,1 I t is ii '.-ip , Ibd to reatch
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had an error of - 60 per ceit. For both torpedoes, x* is positive for the Z, case and negative
for the .11, case. This implies that thu sloping ao:yi)ptote has a less steep gradient in the Z. case
than in the MV. case, and that the variations in the decay constants are correspondingly less.

3.3. (b). The effect of errors on the transicid motion for one particular disturbance. --The
disturbance will be taken as a step function input on the elevators. The subsequent solution foi
the angle of attack will be studied. The relevant equation is equation (3), where 6, () is now a
step funtion of magnitude o,*. Then,

13.(p) 1•p•,

and equation (3) gives,

a.(P) J,Z.P + - M,.(m, V -t Z,, -- MIfZ,
-n2 /J,.P(p - ,O)(P 1,)

by the definition of P and t Splitting the right-hand side into partial fractions we have
(15)a (P) A. Al -4- - , , -. . . (15) . . .

-- .-- ] , , r - - , ..
where

'1.J 11 VA/ +,l "q Z j) .AI,Z .,

S2, ]Z, 31i-. . ."A,(""I Z,) - 1.,Z, .... (16)

LA.

) --- . . 7.

Inverse l.aplace-transferining equation (15) gives

(•()= . - )-j e"-' m ). +"2.

Since we are intercsted only in the transient sohitimi, and not in the steady-state solution (which
is ).,), we divide by A. to get finally,

v.'herI.

S[ ]1,,,,t
-6t _l : . .. . . 17

).., 'Ift~" Z,, ,!I11 11
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values of error in each derivative, namely 0, -j 50 per cent for the rotary derivatives Z, and Mq,
-L. and 0, ± 20 per cent for the others. The results for Torpedo A are contained in Fig. 12, and for

Torpedo B in Fig. 13. The time for the ordinate to reach 95 per cent of its final value is marked
in each case. Errors in Z, and .If do not affect either torpedo noticeably. For the remaining
derivatives, errors a ppear to affect Torpedo B more adversely than they do Torpedo A particularly
in the case ( f the rotary derivatives Zq and M,. An error of - SO per cent in M, causes a
substantial change in the motion of Torpedo B. It should be noticed that the time . reach
95 per cent ot the final value is less for Torpedo A than for Torpedo B ; this is to be expected
since Torpedo A has a larger margin of stability.

4. Summary and Conclusions.-In this report, the extent to which the dynamic behaviour of
the torpedo is sensitive to changes in its stability derivatives has been investigated. Attention
has necessarily been confined to certain well defined aspects of dynamic behaviour. These aspects
were the radius of turn for a given elevator angle, the margin of stability, the decay constants of
disturbed motion, and the motion following a particular disturbance, namely, a step function
input to the elevators. It is not too unreasonable to suppose that these aspects are broadly
representative of dynamic behaviour. It must be admitted, however, that the theoretical results

--......- .. apply to an uncontrolled torpedo. Nevertheless, it slhould-be noted that according-to the Table- ....
the margin of stability indicates the ease with which a control system for a homing torpedo can
be designed.

'rhe results obtained in particular cases, namely, Torpedo A and Torpedo 13 which have been
used as illustrative examples, may be summarised as follows : The radius of turn per elevator
angle of Torpedo A is very suscepltible to errors in .11, and 11, ; that of Torpedo B is very
susceptible to errors in all derivatives except perhaps Z,. The margin of stability G, for Torpedo
A varies very little with errors in the stability derivatives. Fur Torpedo B, G varies rapidly
with errors in Z_, .11 and 3.I. For both torpedoes, the decay constants vary much more with
errors in Z. and M, than with errors in .11, and Zq. This tendency is reflected in the effect of
errors on the solution for angle of attack following a step function input to the elevators, but it
is not as pronounced as one would expect, presunicibly due to the effects of the errors on the
coefficients ): and .ý. For Torpedo A, the variation of the solution is small for all feasible errors.
This is not so for Torpedo 13, the variations due to errors in Z. and .1, being rather cevere.

In view of the complexity of time concept of dynamic behaviour and the number of parameters
involved, it is difficult to draw general conclusions. It does seem clear, however, that the
susceptibility of torpedo performance to changes or errors in the stability derivatives depends
to a great extent on the margin of stability. The effect of errors is, in most respects, at a
minimum when G, - 1, that is, when the torpedo is marginally statically stable.

Acknowledgements.-The author is indebted to Mr. i. J. Campbell of the Admiralty Research
Laboratory and to Mr. A. Ma)clonalld of the Torpedo Experimental Establishment, for much
helpful advice given during the preparation of this report.
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